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Abstract: Gravitational couplings in bulk space-time include those terms which are 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1 Introduction
At low energies, string theory exhibits itself as an eective eld theory in space-time. In
this regard it can be seen as a sequence of higher derivative corrections that must be added
to the lowest energy eective actions for the massless states of closed or open strings. These
eective eld theories can be obtained or constrained by a variety of methods including the
sigma model, scattering amplitudes or duality considerations [1]. These eective actions
capture many perturbative properties of the string theory at low energies.
The same happens in the case of D-branes which are objects in space-time where the
open strings end. At low energies, they can be viewed as sub-manifolds where the quantum
eld theory corresponding to the open strings lives. At the lowest order in the string
length, the higher derivative terms can be ignored and as a result, D-branes are completely
described by the Dirac-Born-Infeld (DBI) action plus the Wess-Zumino terms [2].
The gravitational terms exist both in the bulk space-time as well as on the D-brane
world-volume. The leading 0-order of the bulk eective action in the Bosonic string theory







which is also shared with the Heterotic and Superstring theories. The next-to-leading










































Figure 1. Exchange diagram and contact diagram cancellation. In above diagram h denotes the
uctuation elds coming from R2 or R
2 terms and h denotes the usual graviton propagator.
where LGB is the Gauss-Bonnet combination of the curvature squared terms. In the case of
Bosonic string theory one has 0 =  14 while 0 =  18 and 0 = 0 are appropriate choices
for the Heterotic theory and Superstring theory respectively. However it must be pointed
out that unlike the leading 0-order action (1.1), the couplings in (1.2) are not unique and
can not x by S-matrix considerations completely. Only the coecient of the square of the
Riemann tensor is xed by the string S-matrix, while the other coecients are arbitrary
and they have been xed to the above values by a local eld redenition. The Gauss-Bonnet
combination is convenient because up to the quadratic order in metric perturbations it is a
total derivative and therefore does not change the propagator of gravitons derived from the
Hilbert-Einstein action (1.1). As another result of being total derivative, such combination
is also ghost free [4]. See [5, 6] for more details about the eld redenition ambiguities in
the string eective actions.
From the eld theory point of view the ambiguities in the coecients of R2 and
R2 come from the exact cancellation between the exchange diagram and contact diagram
contribution of the eld theory amplitude [7]. In fact by considering a general Lagrangian








and by comparing it with the low energy string amplitude results, one can only x the \a"
coecient in the above Lagrangian and the other contributions from R2 and R
2 terms
cancel each other exactly, independent of the values for b or c (see gure 1).
It is interesting that such cancellation also happens beyond the tree level calculations
so that the higher genus string calculations also can not x these ambiguous terms [8].
It is stated that this property means that the eld redenitions are a symmetry of the
perturbative string S-matrix [5, 6]. As a result of this symmetry, those terms where their
coecients can be changed by some local eld redenitions are ambiguous. In the above
case one can show that by a general eld redenition of the metric at 0-order as
G0 = G + 
0(d1R + d2GR) ; (1.4)
where we consider 0 to be small, and applying this to the Hilbert-Einstein term (1.1), up































Consequently by an appropriate choice of d1 = 1 and d2 =
 1
2D 4 one can get the Gauss-
Bonnet combination which has the advantage of being a ghost-free Lagrangian.
At 02-order we must have an action with six number of derivatives as studied in [5].
Similarly at this order, terms containing the Ricci tensor are ambiguous. There are just
two unambiguous independent R3 structures
I1 = R
RR ; I2 = R


R R ; (1.6)






p G (3I1   4I2) : (1.7)
Applying the eld redenition (1.4) with the mentioned xed coecients to the following









































We can check that the last two terms in equation (1.9) lead to the ghost modes at this
order. To prevent this and to have a ghost-free action one must supplement the eld
redenition (1.4) with the following extra terms i.e.1





















p G (3I1   4I2 + 48I3) : (1.12)
In next sections we will apply the same technique to nd the eective gravitational action
on D-branes. We will explain that how the eld redenitions and actions for the bulk
space-time will be useful to construct actions on D-branes.
The outline for the remaining parts of the paper is arranged as follow: in section 2 we
review the eective action on D-branes at 0-order and we nd new extra terms that must
1In fact for the action to be ghost-free at all order of 0 one can show that the general eld redenition




















be added due to the eld redenitions. In section 3 we do the same steps as in section 2
but for 02-order of the eective action. To do this we need the tree-level string amplitude
computation corresponding to scattering of two massless closed strings from a D-brane.
Using the results of previous sections we will nd an action which correctly reproduces
the string theory amplitude at this order. In last section we will summarize and discuss
our results.
2 On 0 corrections to Dp-brane action
There is a similar story as bulk space-time for the gravitational corrections to the Dp-brane








 det( ~Gab) ; (2.1)







The 0-order gravitational corrections to this action in Bosonic string theory has been
constructed by using the consistency of the eective action with 0-order terms of the disk-






















where ~R is the scalar curvature constructed from the pull-back metric ~Gab and 
 is the
second fundamental form. It should be noted that using the Gauss-Codazzi identity [14, 15],








jcb), we can rewrite the Lagrangian in the above
action as
LDp(0) = 2 ~R Rabcd ~Gac ~Gbd = 2 ~R R ~G ~G ; (2.4)
where Rabcd is the pullback of the Riemann tensor in the Bulk and ~G
ab is the inverse of the
Pullback metric. The second equality in eq. (2.4) is coming from replacing the pullback







However it must be noted that, in writing the Dp-brane action there are ambiguities
in terms which are constructed out of the Ricci tensor. We can see this by varying the
DBI action (
p
  ~G) = 12
p
~ G ~Gab ~Gab and choosing  ~Gab = 0(d1Rab+d2 ~GabR) as a eld






 + d2(p+ 1)R
i
: (2.5)
2Our index notation is such that the Greek letters are used for space-time indices, the Latin letters

















So in general we must add these terms to the action (2.3). In [13] the coecients of these
terms have been chosen to zero.
It's worth it to note that the eld redenition here can be constructed from the eld
redenition in the bulk (1.4) by a simple pullback. Therefore to have a unique eld redef-
inition for both bulk and Dp-brane space-time we must choose the values of d1 = 1 and
d2 =
 1
2D 4 . Finally the 
0-order eective Lagrangian on Dp-branes must be
LDp(0) = 2 ~R R ~G ~G +R ~G  
p+ 1
8(D   2)R : (2.6)
Moreover, because the eld redenition here is coming from the eld redenition of the
bulk, we may expect that a similar situation happens for cancellation between exchange
and contact diagrams. In Dp-brane case, the last two terms in eq. (2.6) produce both
t-channel (by imposing a source at 0-order) and contact term contributions (see gure 2)
which cancel each other exactly. In computing the t-channel the vertex of the bulk is
coming from bulk action (1.1) at order 00 i.e.























As an example if we consider
p
  ~GR ~G , it produces a source term of 0-order as
(S0h ) =  
1
2
k2 V    1
2
(k:V:k) + k(k:V ) : (2.8)
Now by using eq. (2.7) and eq. (2.8) and the graviton propagator
(Phh) =   i
2k2





one can compute the amplitude below
At =  t
t
(k1V  2 1 k2   k1V  1 2 k1 + 1
2




k2 1  k2Tr(2V )  1
2
s Tr(1 2)  1
2
t T r(1V  2) ; (2.10)
where t and s are the Mandelstam variables dened such that t =  2k1 k2 and
s =  12k1D k1 (for more details see the next section). By expansion of
p
  ~GR ~G
to second order in perturbations and going to the momentum space we nd the contact
terms contribution
Ac = k1V  2 1 k2   k1V  1 2 k1 + 1
2




k2 1  k2Tr(2V )  1
2
s Tr(1 2)  1
2
t T r(1V  2) ; (2.11)





















  ~G(d1R ~G + d2R))!
0
00
+ 0 = 0
Figure 2. t-channel and contact term cancellation for ambiguous terms in the D-brane action.
Note that it can not be possible to have s-channel at 0-order for these last two terms
in eq. (2.6) because they do not produce open-closed vertex at this order. We will show
in next section that these terms are necessary for consistency of the bulk and Dp-brane
actions with the string theory S-matrix at 02-order. This is because any choose of eld
redenition must be used for both bulk and Dp-brane identically.
3 On 02 corrections to Dp-brane action
In this section we are going to go one step further and nd the 02-order of eective gravi-
tational action on Dp-branes with using the bulk and D-brane actions we found in previous
section. We must take into account the eld redenitions too. But before we go through
the action we need to compute the amplitude coming from the S-matrix calculations.
3.1 The string theory amplitude
In Bosonic string theory the eective gravitational actions on Dp-branes have been com-
puted from S-matrix for the rst and next leading order in [13], so we ignored the details of
this computation in previous section. But to compute the 02-order we need to expand the
scattering amplitude one more order, therefore we present the details of our calculations
in this section.
The disk-level Bosonic string scattering amplitude of two closed strings massless states
o a Dp-brane is calculated in [13] and is given by the following expression



















































































where all coecients for graviton polarization are given in the appendix A.3 The Mandel-
stam variables t and s are dened such that t =  2k1 k2 is the square of the momentum
transfer in the transverse directions and s =  12k1D k1 is the momentum ow parallel
to the world-volume of the Dp-brane. In the above expressions D
 = 2V     where
V  = diag( 1; 1; : : : ; 1; 0; : : : ; 0) is the at metric along the Dp-brane directions, and 
is just the D-Dimensional Minkowski metric. In this notation all indices are contracted
with the Minkowski metric  . We refer the interested readers to [13] for further reading.
In order to nd the eective actions, we need to expand eq. (3.1) in powers of 0k2.
The (0k2)0 expansion precisely gives rise to the DBI action (2.1) and the 0k2-order is
produced by (2.3) [13]. Here we expand the above amplitude and keep the terms at order
(0k2)2. Doing this, we can observe that there are three types of contribution to the whole
amplitude: closed and open string poles (t ans s channels) as well as contact interactions
(contact terms)
A(02) = At(02) +As(02) +Ac(02): (3.2)
The closed string pole is given just by one term
At(02) =   1
8t
s(k1 2 k1)(k2 1 k2) : (3.3)
Similarly the s-channel amplitude will be
As(02) =   1
8s
t(k1V  2V  k1)(k1V  1V  k1) : (3.4)










2(6 + 2)s+ 3t






2(2   12)st  48s2   3t2Tr(1V  2)  1
8





48s2   2(2   12)st+ 3t2Tr(1V  2V ) + 1
8




(2   3)t  12sk2V  1 2V  k1 + 1
96
 
2(2   6)s  3tk2 1V  2 k1
  1
48
2sTr(1V )(k1 2 k1) + 1
384
 
4(2   6)st  96s2 + 2t2Tr(1V )Tr(2V )
  1
48
2tTr(1V )(k1 2V  k1) + 1
48
 















(k2 1V  k1)(k1 2V  k2)+ 1
2
(k1V  1 k2)(k1V  2V  k1)+(1$2): (3.5)
There are some interesting points to compare this amplitude with similar amplitude in
Superstring theory. The rst point is that the 02 part of the amplitude for scattering of a
Superstrings from Dp-brane as computed in [17] just contains contact interactions whereas


















here we have closed and open string poles as well. Another interesting point is that if we
take a look at the above contact terms, we see that some terms contain 2 as coecient
and others do not. If we separate these terms, we recover the 02-order of the Superstring











where the kinematic factors a1 and a2 are given by
a1 = Tr(1 D) k1 2 k1   k1 2 D 1 k2   2k1 2 1 D k1
  k1 2 1 k2   sTr(1 2) + (1$ 2) ;
a2 = sTr(1 2) + Tr(1 D) (2k1 2 D k2 + k2 D 2 D k2) + k1 D 1 D 2 D k2






+ (1$ 2) :










These terms are exactly the same terms in (3.5) that have 2 in their coecients. This
feature has been studied recently in [18] that 0 expansion of Bosonic string amplitudes has
the same transcendental pieces as found for the Superstring. Our calculations also support
their conjecture of uniform transcendentality in string theories. In the next section we will
show that the Bosonic eective action at this order is the Superstring one in (3.24) plus
some additional terms with rational coecients instead of 2.
3.2 Field theory calculations
Given the string scattering amplitude presented in the previous section, we can nd the low
energy eective action for the Dp-brane that reproduces them. The Feynman diagrams for
the amplitude in t-channel is depicted in (gure 3). The eld theory amplitude in t-channel
can be computed by
At(12) = (Sh)(Phh)(Vh12) ; (3.8)
where (Phh) is the propagator of gravitons, (Sh) is the graviton source on the
Dp-brane that comes from the linear expansion of the eective action on Dp-brane and
(Vh12) is the three graviton vertex on the bulk.
There are three possible low energy diagrams in this channel at 02-order as depicted
in (gure 3):








































(D   6)t2Tr(1:2)k1 k1
4(D   2)  
2t2(k1:2:1:k2)









(D   6)t(k2:1:2:k1)k1 k1













   2t + (D   6)k1 k1   4k1 k2 + (1$ 2) : (3.10)
Computing (3.8) produces the t-channel amplitude in eq. (3.3) plus some additional
contact terms.
 In second diagram the source of gravitons on the Dp-brane is at order 0. The
action (2.3) does not produce any source because at linear order it is total derivative.
But those terms in eq. (2.5) that have been produced by eld redenition lead to some
sources (for example see eq. (2.8)). Using the three graviton vertex diagram from the



















































and by computing (3.8) on can show that this diagram will not produce any pole and
just lead to some contact terms.
 For the last diagram we need a source for graviton at 02-order. There are two type
of terms here. Terms such as ~GrrR,  ~R and ~R become total derivative at
linear expansion and do not produce any source. Moreover there are other terms for
example R ~G which gives rise to the following source





V    1
2
k:V:k + kk:V 

: (3.12)





k1V  2 1 k2   k1V  1 2 k1 + 1
2




k2 1  k2Tr(2V )  1
2
s Tr(1 2)  1
2
t T r(1V  2)

; (3.13)























Figure 3. Field theory t-channel diagrams at 02.
0
0
Figure 4. s-channel diagram with scalar eld that propagates on the brane.
So eventually computation of eective eld theory amplitude leads to the string theory





stTr(1:2)  2tk2:1:2:V:k1   4(k2:1:k2)(k1:2:V:k1)  t2Tr(2:V:1)
+ 2tk1:2:1:V:k1   4(k1:2:k1)(k2:1:V:k2)  2k2:1:V:2:k1

: (3.14)
The eld theory diagram for amplitude in s-channel is shown in (gure 4). For am-
plitude to be at O(02), each of vertices between open and closed string elds must be
at O(0). Note that it can not be possible to have one vertex at O(02) and the other
at O((0)0) because in [20] it has been shown that the closed-open interaction in Bosonic





j + (2 $ 1) ; (3.15)
where (P)ij is the propagator for open scalar elds i and (V01)i is the O(0) open-closed
vertex on the Dp-brane which must be computed from the action (2.3). Computing this




s(2s+ t)Tr(1:V )Tr(2:V ) + (2s+ t)Tr(1:V )k1:V:2:V:k1




















Figure 5. Contact interaction of bulk and D-brane at O(02).
Until now our calculations have not required adding extra 02 terms to the action and
we have just shown the consistency of previously known actions in the bulk and Dp-brane.
Here we prove that for consistency of the eld theory contact terms with the string theory
amplitude we need to add 02R2 terms to the Dp-brane action. Some of these contact
terms already come from (gure 3) and (gure 4) or equivalently from equations (3.14)
and (3.16). But in general we need to add extra terms to the action for compensation of
the diagram in (gure 5). These terms must be quadratic in graviton eld and have four
number of derivatives. To nd the correct coupling we consider the most general form of
such corrections
L1 = 1RR ~G ~G + 2RR ~G ~G + 3RR ~G ~G
+ 4R
R ~G




 ~G ~G ~G + 7RR ~G
 ~G ~G ~G
+ 8RR ~G
 ~G ~G ~G : (3.17)
Here we have not considered terms containing the Ricci tensor because they can be pro-
duced by eld redenition by applying on the previous terms from lower orders and so are
ambiguous. Now we must expand eq. (3.17) to second order of the metric perturbations
and then go to the momentum space, we call the resulting terms by CA. The nal step is
to impose the following equality that must be hold between string theory and eld theory
contact terms
Ac(02) = CA + Cs + Ct : (3.18)









2 ; 4 =
1
24







(1  7) ; 8 = 1
8
( 1  27) : (3.19)
Inserting these values into the eq. (3.17) we nd the following eective gravitational action







































  2 ~G ~G ~G 2RR  RR ; (3.21)






















 ~G ~G ~G   1
8
RR ~G
 ~G ~G ~G : (3.22)
Note that there is also the following structure which its coecient does not xed
 7
4
(RR   4RR +RR) ~G ~G ~G ~G : (3.23)
This coecient remains ambiguous but at second order of eld expansion it is equal to the
Gauss-Bonnet terms constructed from Dp-brane metric and is a total derivative. Using
similar arguments as in [14] one may set 7 to zero.
The 0 corrections are absent in Superstring Dp-brane action. In [19] it has been










  ~G RabcdRabcd 2R^abR^ab RabijRabij+2R^ijR^ij ; (3.24)
where R^ab = ~G
cdRcadb and R^ij = ~G
cdRcidj .
Now let's try to nd those terms that are coming from the eld redenition. By using
the eld redenition in eq. (1.11) and by a pullback we can nd the eld redenition on
Dp-brane



















Applying this on (2.1) plus (2.3) we can get the following terms at 02-order





4(D   2) +
(p2   1)R2





4(D   2)  
(p  3)RR ~G ~G









 RR ~G ~G ~G + 1
4
RR ~G







4(D   2) +
1
2
























These terms have not any eect on contact terms at 02-order. All terms in the fourth line
in above equation become total derivative at linear perturbation and the last two terms of
the fth line give rise to both t-channel and contact term where cancel each other. The
remaining terms in the rst three lines and those in the fourth line have at least one bulk
Ricci term and consequently have not any eect for on-shell scattering of two gravitons.
4 Summary and discussion
In this paper in introduction we reviewed the eective gravitational action on the bulk
space-time where has been studied in several papers [3{10]. It has been observed that to
have a ghost-free theory one needs to x the coecients of the eld redenition (1.4). This
gives rise to the Gauss-Bonnet action (1.2) at 0-order [4]. Applying the eld redenition
of (1.4) to the eective action produced by computing the string S-matrix amplitude (1.8)
will give new contribution to 02-order and it ruins the ghost-free condition at this order.
To get ride of ghosts again one needs to add new terms to the eld redenition at 02-order
i.e. (1.11). This last eld redenition gives the nal form of the eective action eq. (1.12)
in the bulk at 02-order [5]. An interesting observation at the level of Feynman graphs
happens and one can show that the exchange diagram cancel by contact diagram (see
(gure 1)) for those terms that created by eld redenition [7, 8].
It must be noted that due to the LSZ reduction formalism, the value of the S-matrix
which has been computed from on-shell vertex operators does not aect by these eld
redenitions.
Similar to the bulk space-time one may nd the gravitational action on Dp-branes. This
has been studied at dierent orders of 0, for example see [11{19] where we have used in this
paper. In computing the eective gravitational actions on Dp-branes one expects that the
above mentioned eld redenition is important at each order of 0 expansion. In section 2
we show this by starting from the known result found in [13], computed from S-matrix
amplitude of scattering of two gravitons from Dp-branes (2.3). To impose the eect of eld
redenition it is enough to induce the eld redenition of the bulk (1.4) into the Dp-branes
space-time i.e. eq. (2.5). Applying this to the DBI action at zero order (2.1), will produce
new extra terms to those which have been found in [13]. These new terms are presented
in eq. (2.6). Again one can see the cancellation between dierent Feynman diagrams for
ambiguous terms here. For Dp-branes this cancellation happens between t-channel diagram
and contact term diagram (see (gure 2)). A similar cancellation between exchange and
contact diagrams for open string case in Superstring theory has been observed in [16].
We perform the same computation in section 3 but we notice that unlike the previous
order we have not the eective action at 02-order. Therefore we need to compute the
expansion of S-matrix amplitude of two gravitons from Dp-branes at this order which
includes t-channel, s-channel and contact terms (3.3){(3.5). This calculation also support
the conjecture of uniform transcendentality in string theories in [18]. The details of eld
theory computations are presented in subsection 3.2. The nal results without considering
the eld redenition are given in eqs. (3.20){(3.22). But there are ambiguous terms again

















due to the eld redenition of (3.25). These new terms divide into two parts, those which
have no eect for on-shell scattering of two gravitons and those which have cancellation
between t-channel diagram and contact term diagram.
As we mentioned before the existence of eld redenitions are crucial for gravitational
theory in the bulk to be ghost-free. If one uses the eective gravitational action on Dp-
branes then the ghost-free condition needs to be considered. As an example in [21] the
D-brane induced gravity is used for addressing the cosmological constant problem and they
have studied the ghost instability in this regard. Our computations indicate that the new
terms we found here must be taken into account for such applications [22].
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A The kinematic factors
The kinematic factors for two gravitons scattering from Dp-branes are given by
d1 = k2 1 2 k1   k2 1D 2 k1   2k2 1 2D k2 + (1$ 2);
d2 = Tr(1D)(k1 2 k1) + (1$ 2);
d3 = k1D 1D 2D k2 + k1D 1 2D k2 + Tr(1D)(k1D 2D k1) + (1$ 2);
d4 = Tr(1D 2D) + k1D2D 1D k2 + k2D 1D 2D k1;












(k2D 1 k2)(k1D 2 k1) + (1$ 2);
d7 = (k1 2 k1)(k2 1 k2);
d8 = (k2 1 k2)(k1 2D k1 + k1D 2 k1) + (1$ 2);
d9 = (k2D 1D k2)(k1 2D k1 + k1D 2 k1) + (1$ 2);
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